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HILBERT SPACE OPERATORS WITH TWO-ISOMETRIC DILATIONS
CA˘TA˘LIN BADEA AND LAURIAN SUCIU
Abstract. A bounded linear Hilbert space operator S is said to be a 2-isometry if the
operator S and its adjoint S∗ satisfy the relation S∗2S2 − 2S∗S + I = 0. In this paper, we
study Hilbert space operators having liftings or dilations to 2-isometries. The adjoint of an
operator which admits such liftings is characterized as the restriction of a backward shift
on a Hilbert space of vector-valued analytic functions. These results are applied to concave
operators (i.e., operators S such that S∗2S2 − 2S∗S + I ≤ 0) and to operators similar to
contractions or isometries. Two types of liftings to 2-isometries, as well as the extensions
induced by them, are constructed and isomorphic minimal liftings are discussed.
1. Introduction and preliminaries
1A. Overview. Beginning with the Sz.-Nagy dilation theorem, isometric liftings and unitary
dilations of Hilbert space contractions (operators of norm no greater than one) have been basic
objects of study, and important tools, in Operator Theory. This is witnessed, for instance,
by the central role played by isometric liftings and unitary dilations in the treatise [39]. For
further considerations it is useful to keep in mind that every isometry can be written as a
direct sum of a shift and a unitary operator (the Wold decomposition theorem) and that
contractions have isometric liftings and unitary dilations.
Starting with a series of three papers [2–4] by Agler and Stankus, a rich theory of 2-
isometries has been developed in recent years. A 2-isometry is a Hilbert space operator T
which satisfies the second order difference condition ‖T 2x‖2 − 2‖Tx‖2 + ‖x‖2 = 0 for every
x, instead of the classical, first order condition ‖Tx‖2 − ‖x‖2 = 0 satisfied by isometries.
The Dirichlet shift is an example of a 2-isometry which is not an isometry. Operators arising
from a certain class of nonstationary stochastic processes related to Brownian motion (Brow-
nian unitaries) play an essential role in the theory of 2-isometries of Agler and Stankus, the
same that unitary operators play for isometries. The fact that a 2-isometry has an extension
to a Brownian unitary has been proved in [3, Theorem 5.80]. As an analogue of the Wold
decomposition theorem for isometries, it has been proved in [29] (see also [30]) that a pure
2-isometry is unitarily equivalent to a shift operator (multiplication by the independent vari-
able) on a Dirichlet space D(µ) corresponding to a positive operator measure µ on the unit
circle.
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The aim of this paper is to undertake a first systematic study of operators possessing
2-isometric liftings. This class of operators, denoted C2, can be viewed as the class of “2-
contractions”. To give a flavor of the results obtained in this paper we mention now several
sample results. In Theorem 2.1, we give a characterization of adjoints of operators in C2
as restrictions of a backward shift operator on some Hilbert spaces of vector-valued analytic
functions. We also prove that operators in C2 are compressions to semi-invariant subspaces
of analytic Brownian unitaries. An analogue of the von Neumann inequality is obtained in
Theorem 2.1, (iii), with the shift operator on a Dirichlet space D(µ) as an extremal operator.
For a bounded linear concave operator, T , acting on a complex Hilbert space H, that is one
which satisfies the condition
‖T 2x‖2 − 2‖Tx‖2 + ‖x‖2 ≤ 0 for every x ∈ H,
it is proved in Theorem 3.10 below that T has a 2-isometric lifting S, acting on a larger
Hilbert space K, such that S|K⊖H is an isometry on K ⊖ H and ‖S∗S − I‖ = ‖T ∗T − I‖.
Moreover, the 2-isometric lifting S is minimal in the usual sense.
1B. Basic definitions and notation. Throughout this paper B(H,H′) denotes the Banach
space of all bounded linear operators acting from a complex Hilbert space H into another
one, H′, and B(H) is a short for B(H,H). For an operator T ∈ B(H,H′) its adjoint operator
in B(H′,H) is denoted by T ∗, while R(T ) and N (T ) stand for the range, respectively the
kernel of T . An operator T is a contraction if T ∗T ≤ I, where I = IH is the identity operator
on H. The operator T is an isometry if T ∗T = I and T is unitary if it is an isometry with
R(T ) = H′. For a closed subspaceM of H, the orthogonal projection in B(H) with the range
M is denoted by PM. The subspace M is invariant (reducing) for T ∈ B(H) if TM ⊂ M
(respectively, TM⊂M and T ∗M⊂M). An isometry T on H is pure (or a shift operator)
if there is no subspace M 6= {0} in H that reduces T to a unitary operator.
An operator T on H is said to be positive (in notation T ≥ 0) if 〈Th, h〉 ≥ 0 for every
h ∈ H. Here 〈·, ·〉 denotes the inner product. When T is positive, T 1/2 stands for the positive
square root of T . For a contraction T ∈ B(H,H′), the operator DT = (IH − T ∗T )1/2 ∈ B(H)
and its closed range DT = R(DT ) are called the defect operator, respectively the defect space,
of T .
An operator Z ∈ B(H,H′) is invertible wheneverN (Z) = {0} andR(Z) = H′. An operator
Z ∈ B(H,H′) intertwines T ∈ B(H) with T ′ ∈ B(H′) if ZT = T ′Z. The operators T and
T ′ are similar, respectively unitarily equivalent whenever an intertwining relation ZT = T ′Z
holds with an invertible, respectively unitary operator Z.
When ZT = T ′Z with Z an isometry one says that T ′ is an extension of T (to H′), or that
T is a restriction of T ′ (on H). If this holds one has T ∗Z∗ = Z∗T ′∗ and one says that T ′∗ is
a lifting of T ∗. In these cases T is unitarily equivalent to T ′0 := T ′|R(Z), while T ∗ is unitarily
equivalent to T ′∗0 . Thus, if we identify H with ZH into H′, then T ′ becomes an extension
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of T from the subspace H of H′ to H′, while Z is the embedding mapping JH,H′ of H into
H′. In this way we can consider only extensions and liftings of operators on H to another
Hilbert spaces containing H, and then the intertwining relations become JH,H′T = T ′JH,H′ ,
respectively PH′,HT ′∗ = T ∗PH′,H, where PH′,H = J∗H,H′ ∈ B(H′,H) is the projection of H′
onto H.
According to [17], two liftings S1 on K1 ⊃ H and S2 on K2 ⊃ H of an operator T on H
are called isomorphic if there exists a unitary operator Z ∈ B(K1,K2) such that ZS1 = S2Z
and Z|H = I, i.e. S1 and S2 are unitarily equivalent by Z and Z fixes the elements of H.
For a lifting S on K of T one considers the subspace K0 =
∨
n≥0 S
nH, i.e. the smallest
invariant subspace for S in K that contains H. Let S0 = S|K0 be the restriction of S to K0.
Clearly S0 is also a lifting of T on K0, and it is called a minimal lifting of T .
Let H be a closed subspace of a Hilbert space K. The compression of R ∈ B(K) to H is
defined as T = PHR | H, where PH is the orthogonal projection onto H. Recall the following
useful result due to Sarason (see [39]). The operator R is a (power) dilation of T , that is,
T n = PHRn | H for all positive integers n, if and only if the subspace H is semi-invariant for
R, that is H = H1 ⊖H2 for two invariant subspaces H1 and H2 of R.
According to [33], if T ∈ B(H) is a fixed left invertible operator (i.e. injective and with
closed range), then the operator T ′ = T (T ∗T )−1 is called the Cauchy dual of T . Clearly, T ′
is also left invertible and T ∗T ′ = T ′∗T = I. So T is the Cauchy dual of T ′ and N (T ∗) =
N (T ′∗) =: E . We say that E is a wandering subspace for T if E ⊥ T nE for each n ≥ 1.
1C. Two-isometries. In this paper we are interested in 2-isometric liftings for operators in
B(H). We refer to [2–7,11,23,24,26,27,29–33,35,37] for different aspects of 2-isometries.
Recall that an operator T on H is a 2-isometry if it satisfies the condition T ∗∆TT = ∆T ,
where ∆T = T
∗T − I. In this case ∆T is called the operator of covariance and cov(T ) =
‖∆T ‖1/2 is the covariance of T . Clearly, cov(T ) = 0 if and only if T is an isometry. If T
is a 2-isometry, then ∆T ≥ 0, which means that T is an expansive operator. A 2-isometry
T that is power bounded, i.e. supn∈N ‖T n‖ < ∞, is necesarily an isometry. Also, N (∆T ) is
an invariant subspace for a 2-isometry T and V = T |N (∆T ) is an isometry, so the canonical
matrix representation of T on H = N (∆T )⊕R(∆T ) has the form
(1.1) T =
(
V E
0 Y
)
,
with V ∗E = 0. This yields ∆T = 0 ⊕ (E∗E + ∆Y ), with ∆0 = E∗E + ∆Y = ∆T |R(∆T ) an
injective operator. Moreover, using that T ∗∆TT = ∆T , one obtains Y ∗∆0Y = ∆0.
Some special 2-isometries introduced by Agler and Stankus, called Brownian isometries
and unitaries, play a special role in our investigations. Namely, T is called a Brownian
isometry if in the block matrix (1.1) one has E = δE0, where E0 is an injective contraction
from R(∆T ) into N (V ∗), δ = cov(T ), and Y is a unitary operator which commutes with
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E∗E (cf. [3, Proposition 5.37]). Also, T is called a Brownian unitary if E0 is an isometry
with R(E0) = N (V ∗) and Y is unitary (cf. [3, Proposition 5.12]).
Using the above relationships between T and ∆T , respectively Y and ∆0, we see that 2-
isometries are closely related to A-contractions, defined as follows. When T,A ∈ B(H) with
A ≥ 0, the operator T is said to be an A-contraction if T ∗AT ≤ A and T is an A-isometry
if T ∗AT = A. Thus, 2-isometries are ∆T -isometries and the concave operators are ∆T -
contractions, but many other classes of operators can be viewed as A-contractions for suitable
operators A. A-contractions and A-isometries frequently appear in operatorial interpolation
and robust control problems, based on the commutant lifting theory (see [13, 17, 18]), or in
other topics of operator theory [10–14,16,20–26,32,34–38,40].
1D. Organization of the paper. Following [33], we give in the first section a characteri-
zation of the adjoints of operators in the class C2 as restrictions of a backward shift on some
spaces of vector-valued analytic functions. This implies that operators in C2 always have
analytic 2-isometric liftings. An analogue of the von Neumann inequality for operators in the
class C2 is also obtained. Furthermore, in the case of analytic Brownian unitaries, we refine
the Richter-Olofsson model by taking into account additional spectral information.
In Section 3 we describe the operators with 2-isometric liftings in the class of A-isometries
T with A ≥ ∆T . Special features of such liftings, called of type I, are investigated. We apply
our results to a class of expansive operators containing concave operators, and to operators
similar to isometries. In particular, for these expansive operators we give a generalization of
the extension theorem of Agler and Stankus [3, Theorem 5.80]. The use of the Treil-Volberg
generalization of the commutant lifting theorem is to be mentioned here.
In Section 4 we study operators T ∈ C2 in the context of A-contractions with A ≥ ∆T .
Such liftings, called of type II, are more general than those from Section 3. We show that
these liftings, like those from Section 3, can be always chosen to be minimal. The results
can be applied to operators similar to contractions. We also discuss some conditions for two
minimal 2-isometric liftings to be isomorphic. Two examples are given in order to show that
some operators similar to contractions may or may not have 2-isometric liftings of type I.
1E. An open problem. We end this Introduction by mentioning the following problem.
Let M > 0 be a real number. Consider the class C2(M) of Hilbert space operators which
have 2-isometric liftings of covariance less than or equal toM . Then C2(M) is a family in the
sense of Agler’s abstract approach to model theory (see [1]). It is an interesting problem to
find the boundary and the extremal elements of the family C2(M) (see [1] for the undefined
terms). We hope to return to this problem in the future.
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2. Characterizations of C2 and analytic 2-isometric liftings
Assume that the left invertible operator S ∈ B(H) is analytic, that is
H∞ =
⋂
n≥1
SnH = {0}.
Let S′ = S(S∗S)−1 the Cauchy dual of S. Then, as in [33], one can associate to H a Hilbert
space of E-valued analytic functions Θh, for h ∈ H, where E = N (S∗) and
(Θh)(z) =
∑
n≥0
(PES′∗nh)zn, |z| < r(S′)−1,
r(S′) being the spectral radius of S′. Consider D := {Θh : h ∈ H} as a Hilbert space with
the norm induced by H. In this case, the operator Θ from H onto D is an isometry such that
ΘS = MΘ, where M is the forward shift on D, i.e. (Md)(z) = zd(z) for d ∈ D. Also, one
has ΘS′∗ = BΘ, where B is the backward shift on D, i.e. (Bd)(z) = 1z (d(z)− d(0)), d ∈ D.
It was proved in [33, Theorem 3.6] that a concave operator S, not necessary analytic,
admits a Wold-type decomposition, in the sense that
H = H∞ ⊕
∨
n≥0
SnE .
In this case the operators S and S′ are simultaneously analytic. When this happens, one can
associate to H another Hilbert space D′ of E-valued analytic functions Θ′h, where
(Θ′h)(z) =
∑
n≥0
(PES∗nh)zn, h ∈ H, |z| < 1.
The operator Θ′ isometrically maps H onto D′ such that Θ′S′ = M ′Θ′ and Θ′S∗ = B′Θ′,
whereM ′(B′) is the forward (backward) shift onD′. The spaceD′ is the dual of D with respect
to the Cauchy pairing (see also [33]). In this way S∗ can be identified (by Θ) with the adjoint
of the forward shift M on D, or with the backward shift B′ on D′ (by Θ′). It is also known
that the space D′ is a Bergman space if and only if ∆S = I − S′S′∗ (see [29], [19, Theorem
3.1]).
In addition, if S is a 2-isometry, then, by [29], the associated space D becomes a Dirichlet
type space D(µ) of E-valued analytic functions on the open unit disk D obtained with respect
to some positive B(E)-valued operator measure µ on the unit circle T. We refer to [29, (3.1)]
for a description of the norm in D(µ) induced by µ.
In general, if M is the forward shift on a Dirichlet type space D(µ), then M is an analytic
2-isometry (see [29, Theorem 3.1]), while the operator M ′ can be seen as the forward shift
on the associated Hilbert space D′ of N (M∗)-valued analytic functions on D, D′ being the
dual of D(µ) with respect to the Cauchy pairing. As above, the backward shift B′ in D′ is
unitarily equivalent to M∗ in D(µ).
The following result characterizes membership into the class C2.
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Theorem 2.1. For T ∈ B(H) the following statements are equivalent:
(i) T is an element of the class C2, that is T has a 2-isometric lifting;
(ii) T has an analytic 2-isometric lifting;
(iii) there is an operator-valued positive measure µ on T such that the inequality
‖[pij(T )]‖Mn(B(H)) ≤ ‖[pij(Mz)]‖Mn(B(D(µ)))
holds true for all finite matrices of polynomials [pij], where Mz is the multiplication
by the variable z on D(µ) and Mn(B(H)), the set of n × n matrices with entries in
B(H), is identified with the set of bounded linear operators acting on H(n), the ℓ2-sum
of n copies of H.
(iv) T has a Brownian unitary (power) dilation;
(v) T has an analytic Brownian unitary dilation;
(vi) T ∗ is unitarily equivalent to the restriction to an invariant subspace of the backward
shift B′ on a Hilbert space D′ of vector-valued analytic functions on D, D′ being in
Cauchy pairing to a Dirichlet type space D(µ).
Moreover, if these conditions hold, then the lifting in (ii) for T can be chosen minimal.
Also, the liftings and Brownian unitary dilations in (i), (ii), (iv) and (v) can be chosen to
have the same covariance.
Proof. The implication (i) ⇒ (iv) follows from [3, Theorem 5.80], using the fact that an
extension of a lifting for T gives a (power) dilation for T .
Let us now assume (iv), that is T has a Brownian unitary dilation S on K ⊃ H. Because S
is not necessarily analytic we can write S as a direct sum S = U0⊕S1 on K = K∞⊕K1, where
K∞ =
⋂
n≥1 S
nK and U0 = S|K∞ is unitary, while S1 = S|K1 is an analytic Brownian unitary.
But U0 can be lifted to a Brownian unitary S0 on a Hilbert space K0 := l2+(R(E)) ⊕ K∞,
where E ∈ B(K∞) is an isometry. Then S0 has the block matrix form
S0 =
(
S+ E˜
0 U0
)
,
with S+ the forward shift on K′0 = ℓ2+(R(E)) and E˜ = δJE, where δ = cov(S) and J being
the embedding of R(E) into K′0. Clearly, S0 has not any isometric summand (S+ being a
shift with R(E) = N (S∗+)), hence S0 is analytic.
Consider the operator S˜ = S0 ⊕ S1 on K˜ := K0 ⊕K1. To see that S˜ is a Brownian unitary
operator we use the matrix representation of S1 on K1 = N (∆S1) ⊕ R(∆S1) =: K2 ⊕ K3
(similar to that of S0 from above) given by a forward shift S
′
+ on K2, a unitary operator U1
on K3 and an operator E˜1 = δE1, with δ as above and E1 an isometry from K3 onto N (S′∗+).
Thus we can represent S˜ on K˜ = K′0⊕K2⊕K∞⊕K3 = (K′0⊕K2)⊕ (K∞⊕K3), respectively,
OPERATORS WITH TWO-ISOMETRIC DILATIONS 7
in the form
(2.1) S˜ =

S+ 0 E˜ 0
0 S′+ 0 E˜1
0 0 U0 0
0 0 0 U1
 =
(
S′ G˜
0 U
)
.
Here S′ = S+ ⊕ S′+ is a forward shift, U = U0 ⊕ U1 is a unitary and G˜ = δG with G an
isometry from K∞ ⊕ K3 onto N (S′∗) in K′0 ⊕ K2, δ being as above. Hence S˜ is an analytic
Brownian unitary with cov(S˜) = δ = cov(S). Since S is a power dilation for T we infer from
the representation (2.1) that S˜ is also a power dilation for T . This concludes the proof that
(iv) implies (v).
It is a known fact that from a power dilation S˜ for T one can obtain a lifting S for T , as
a restriction of S˜ to an invariant subspace (see [17]). Furthermore, if S˜ is Brownian unitary,
then S is a 2-isometry, and S is analytic if S˜ is such. Indeed, the analyticity is preserved on
invariant subspaces. Hence (v) implies (ii).
Next, we assume (ii). Let S be an analytic 2-isometric lifting on K ⊃ H for T . Then,
by [29, Theorem 4.1], and using the same notation as in the Introduction, we obtain a
B(E)-valued positive measure µ on the unit circle such that S is unitarily equivalent to the
forward shift M =Mz on a Dirichlet space D(µ) of E-valued analytic functions on D, where
E = N (S∗). It follows that M is an extremal operator in the sense of (iii). Conversely,
if (iii) holds, then, using the terminology of [8], T is completely polynomially dominated
by M . Using [8, Theorem 2.1.3], we get that T is unitarily equivalent to the compression
of an operator R to a semi-invariant subspace, R being the image of M by a unital C∗-
representation. It follows that R is a 2-isometry, and thus T is in the class C2, that is T
satisfies (i). So the equivalences (i)-(v) are proved.
Next, we assume (ii). Then, again, S is an analytic 2-isometric lifting on K ⊃ H for T ,
unitarily equivalent to the forward shift M on a Dirichlet space D(µ) of E-valued analytic
functions on D. Also, S∗ is unitarily equivalent to the backward shift B′ on the Hilbert space
D′ = {Θ′k : k ∈ K} of E-valued analytic functions of the form
(Θ′k)(z) =
∑
n≥1
(PES∗nk)zn, |z| < 1.
Since S∗|H = T ∗, it follows that B′Θ′h = Θ′T ∗h for h ∈ H. Hence, the closed subspace
D′0 = {Θ′h : h ∈ H} is invariant for B′. Because the operator Θ′ from K onto D′ is an
isometry and Θ′S∗ = B′Θ′, we infer that Θ′0 = Θ
′|H is an isometry from H onto D′0 and
Θ′0T
∗ = (B′|D′
0
)Θ′0. Hence T
∗ is unitarily equivalent to B′|D′
0
, and we conclude that (ii)
implies (vi).
Conversely, let us assume that T ∗ is unitarily equivalent to B′0 = B′|D′0 , where B′ is as in
(vi) and D′0 is an invariant subspace of B′. The Cauchy pairing between the space D′, where
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B′ acts, and the Dirichlet type space D(µ) ensures that B′ is unitarily equivalent to M∗, the
adjoint of the forward shift on D(µ). Since M is a 2-isometry on D(µ) by [29, Theorem 3.1],
it induces a 2-isometry B′∗ on D′ which is a lifting for B′∗0 (B′ being an extension of B′0). In
the same time, T is unitarily equivalent to B′∗0 by our assumption. We deduce that T has
B′∗ as a analytic 2-isometric lifting on D′. We have thus shown that (vi) implies (ii). In
conclusion, all equivalences (i)-(vi) are now proved.
Remark that, by [3, Theorem 5.80], a 2-isometry S has a Brownian unitary extension
S˜ which preserves the covariance of S, and, as we already have seen, cov(S) can be also
preserved for an analytic Brownian unitary extension of S. On the other hand, if S is a
2-isometric lifting for T , then, as in the proof of implication (iv) ⇒ (v), S can be lifted to an
analytic 2-isometry of the same covariance as S. Thus in all assertions (i), (ii), (iv) and (v)
we can obtain 2-isometric liftings and dilations for T of the same covariance.
Finally, if S is an analytic 2-isometric lifting for T on K ⊃ H (as in (ii)), then K0 =∨
n≥0 S
nH is an invariant subspace for S and S|K0 is a minimal analytic 2-isometric lifting
for T with δ0 = cov(S|K0) ≤ cov(S). However, by the above discussion, we can get an analytic
Brownian unitary dilation S˜ for T with cov(S˜) = δ0. This ends the proof. 
Corollary 2.2. If T ∈ B(H) is an operator similar to a contraction, then T and T ∗ are re-
strictions to invariant subspaces of backward shifts on Hilbert spaces of vector-valued analytic
functions on D.
The following theorem refines the model of A. Olofsson [29] for analytic Brownian unitaries.
By Theorem 2.1, (v), every operator in C2 has an analytic Brownian unitary dilation.
Theorem 2.3. Let S ∈ B(K) be an analytic Brownian unitary acting on K. Let E = N (S∗)
and let µ be the positive B(E)-valued measure defined on the σ-algebra Bor(T) of all Borel
subsets of T by
(2.2) µ(σ) = PEF (σ)∆S |E , σ ∈ Bor(T),
where F is the B(R(∆S))-valued spectral measure on T of the unitary operator U with U∗ =
S∗|R(∆S). Then S is unitarily equivalent to the forward shift on the Dirichlet space D(µ) =
{Θk : k ∈ K} of E-valued analytic functions on D, where
(2.3) (Θk)(z) =
∑
n≥0
(PES′∗nk)zn, z ∈ D,
S′ being the Cauchy dual operator of S, and the norm on D(µ) is induced by µ as in [29, (3.1)].
Moreover, if E0 = δ
−1PN (∆S)S|R(∆S) and δ = cov(S), then
E = {−δ−1E0U∗d⊕ d : d ∈ R(∆S)}
and (1 + δ2)δ−4µ(σ) is an orthogonal projection, for every σ ∈ Bor(T).
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Proof. Let U be the unitary operator on R(∆S) with U∗ = S∗|R(∆S), and F : Bor(T) →
B(R(∆S)) be the spectral measure of U . Since ∆S = 0 ⊕ δ2I on N (∆S) ⊕ R(∆S), where
δ = cov(S), we have ∆
1/2
S Sk = ∆
1/2
S Uk = U∆
1/2
S k for k ∈ R(∆S). The second relation
ensures that ∆
1/2
S F (σ)k = F (σ)∆
1/2
S k for k ∈ R(∆S). Thus, as in [29, Lemma 4.1], we can
associate to S a positive B(E)-valued measure on T, which in this case has the form (2.2),
where E = N (S∗). Also, corresponding to this measure µ, one can define the Dirichlet space
D(µ) with the norm induced by µ as in [29, (3.1)]. By [29, Theorem 4.1] we obtain that S
is unitarily equivalent, via the operator Θ : K → D(µ) from (2.3), with the forward shift on
D(µ).
In addition, in this case the subspace E of K may be easily determined and one is able to
obtain more information about the measure µ. Indeed, let us consider the canonical matrix
representation of the form (1.1) of S on K = N (∆S)⊕R(∆S), where V = S|N (∆S) is a shift
operator (S being analytic), Y = U is as before, and E = δE0, with E0 an isometry from
R(∆S) onto N (V ∗). Then, an element k = k0⊕ k1 ∈ N (∆S)⊕R(∆S) belongs to E = N (S∗)
if and only if V ∗k0 = 0 and δE∗0k0 + U∗k1 = 0. Since N (V ∗) = R(E0), it follows k0 = E0d0
for some element d0 ∈ R(∆S), while the previous equality yields k1 = −δUd0. Considering
d0 of the form d0 = −δ−1U∗d with d ∈ R(∆S), we infer that
E = {e = −δ−1E0U∗d⊕ d : d ∈ R(∆S)}.
Now let e ∈ E and d ∈ R(∆S) be such that e = −δ−1E0U∗d⊕ d. Then
(1 + δ−2)d = e⊕ δ−2(δE0U∗d⊕ UU∗d) = e⊕ δ−2S(U∗d).
It follows that
PEd =
δ2
1 + δ2
e =
δ2
1 + δ2
(−1
δ
E0U
∗d⊕ d), d ∈ R(∆S).
Thus, for σ ∈ Bor(T) and e ∈ E as above, we obtain
µ(σ) = PEF (σ)∆Se = δ2PEF (σ)PR(∆S )e = δ
2PEF (σ)d
=
δ4
1 + δ2
(−1
δ
E0U
∗F (σ)d⊕ F (σ)d)
=
δ4
1 + δ2
(−1
δ
E0F (σ)E
∗
0E0U
∗d⊕ F (σ)d)
=
δ4
1 + δ2
(E0F (σ)E
∗
0PN (∆S)e⊕ F (σ)PR(∆S )e)
=
δ4
1 + δ2
(E0F (σ)E
∗
0 ⊕ F (σ))(e0 ⊕ e1),
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where e0 = PN (∆S)e, e1 = PR(∆S)e. Finally, keeping in mind that F is a spectral measure,
so F (σ)2 = F (σ), we obtain[
1 + δ2
δ4
µ(σ)
]2
e = (E0F (σ)E
∗
0 ⊕ F (σ))(E0F (σ)E∗0e0 ⊕ F (σ)e1)
= E0F (σ)
2E∗0e0 ⊕ F (σ)2e1 = E0F (σ)E0e0 ⊕ F (σ)e1
=
1 + δ2
δ4
µ(σ)e,
for every σ ∈ Bor(T) and e ∈ E . Since (1 + δ2)δ−4µ(σ) is a contraction, we conclude that
(1 + δ2)δ−4µ(σ) is an orthogonal projection for σ ∈ Bor(T). This ends the proof. 
Remark 2.4. V. Mu¨ller proved in [28, Corollary 2.3] that if H is a separable Hilbert space,
then, for any operator T ∈ B(H), T and T ∗ are unitarily equivalent with restrictions to
invariant subspaces of a backward weighted shift Bα ∈ B(K) where K = l2+(H′) and H′ is a
separable Hilbert space. Recall that such an operator Bα is defined with respect to a bounded
sequence of positive numbers α = {αn}n≥1 by the relation Bα({xn}n≥0) = {αnxn}n≥1 for all
square summable sequences {xn}n≥0 ∈ K of vectors xn ∈ H′. So the operators T and T ∗ can
be lifted to the forward weighted shift Sα = B
∗
α on K, which is an analytic operator, but Sα
is not 2-isometric, in general.
3. Two-isometric liftings of type I
3A. Type I and type II liftings. Let T ∈ B(H) and suppose that S ∈ B(K) is a lifting of
T on K ⊃ H. Then the canonical representation of S on K = H⊥ ⊕H has the form
(3.1) S =
(
W X
0 T
)
,
withW = S|H⊥ andX = PH⊥S|H. In general, the operatorsW,X and T can be arbitrary, but
they have to satisfy some constraints when S belongs to some particular classes of operators.
Here we are interested in the case when S is a 2-isometry. In this case, W is also a 2-isometry
(as a restriction to an invariant subspace for S), and ∆S has the form
(3.2) ∆S =
(
∆W W
∗X
X∗W X∗X +∆T
)
.
Since necessarily ∆S ≥ 0 and ∆W ≥ 0, one also has X∗X+∆T ≥ 0. Therefore (see [17], [18]),
there exists a contraction Γ : R(X∗X +∆T )→R(∆W ) such that
(3.3) W ∗X = ∆1/2W Γ(X
∗X +∆T )1/2.
This relation gives X∗W |N (∆W ) = 0, which by (3.2) implies that ∆S|N (∆W ) = 0, hence
N (∆W ) ⊂ N (∆S). But N (∆W ) is invariant for W = S|H⊥ and so for S, while W |N (∆W ) =
S|N (∆W ) is an isometry. When W is an isometry on H⊥, one has H⊥ = N (∆W ) ⊂ N (∆S).
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Therefore W ∗X = 0 in this case. Conversely, if H⊥ ⊂ N (∆S), then, since H⊥ is invariant
for S by (3.1), it follows that W = S|H⊥ is an isometry.
On the other hand, we see from (3.3) that W ∗X = 0 if and only if Γ = 0, because
R(Γ) ⊂ R(∆W ). Notice however that, in general, it is difficult to have significant information
about the operator Γ. Using (3.2), one has W ∗X = 0 if and only if H is invariant for
S∗S. In this case, by (3.2), we have N (∆S) = N (∆W ) ⊕ N (X∗X + ∆T ). In particular,
if X∗X + ∆T = 0, which forces T and X to be contractions (as D2T = X
∗X ≥ 0), then
W ∗X = 0. In this case it is easy to see that S is an extension of the minimal isometric lifting
of T , because N (∆S) = N (∆W )⊕H is an invariant subspace for S.
In light of the preceding discussion, we introduce the following definition.
Definition 3.1. Using the previous notation, we say that a 2-isometry S of the form (3.1)
on K = H⊥ ⊕ H is a lifting of type I for T whenever H⊥ ⊂ N (∆S). We say that S is a
lifting of type II for T whenever H is an invariant subspace for S∗S.
Observe that a lifting of type I is also a lifting of type II.
3B. A-isometries. We describe now the operators which have 2-isometric liftings of type I.
These operators form a special class of A-isometries as follows.
Theorem 3.2. For an operator T ∈ B(H) the following statements are equivalent:
(i) T has a 2-isometric lifting of type I on a Hilbert space containing H;
(ii) T is either an A-isometry for a positive operator A 6= 0 on H with ∆T ≤ A, or T is
a strongly stable contraction;
(iii) T has an extension T˜ on a Hilbert space M⊃ H with T˜ of the form
(3.4) T˜ =
(
C δE
0 U
)
on a decomposition M = M0 ⊕M1, where C,E are contractions, U is unitary and
δ > 0, such that there exist a Hilbert space M′ and isometries J0 : DC → M′,
J1 : DE →M′ satisfying the condition
(3.5) DCJ
∗
0J1DE + C
∗E = 0;
(iv) T has a 2-isometric lifting S of the form (3.1) such that
(3.6) X∗∆WX + 2Re(X∗W ∗XT ) = 0.
Moreover, if these statements are true, then the lifting S of T in (i) and (iv) can be chosen
minimal with cov(S) = ‖A‖1/2 for A from (ii), or with cov(S) ≤ δ for δ from (3.4).
Proof. Let S ∈ B(K) be a 2-isometry as in (3.1), with K⊖H ⊂ N (∆S). Thus W = S|K⊖H is
an isometry. Then ∆W = 0 and, as we remarked before, one has W
∗X = 0. Therefore, the
condition (3.6) from (iv) is satisfied for such a lifting S of T . We obtain that (i) implies (iv).
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Assume that T has a 2-isometric lifting S on K ⊃ H of the form (3.1) with the operators
W and X. Then S∗∆SS = ∆S , and this implies (by (3.1) and (3.2)) the relation
(3.7) X∗∆WX + 2Re(X∗W ∗XT ) + T ∗(X∗X +∆T )T = X∗X +∆T .
Now, if S verifies the condition (3.6), then one obtains from (3.7) that T is an A-isometry,
where A = X∗X + ∆T ≥ 0 (as ∆S ≥ 0 in (3.2)), and so A ≥ ∆T . This condition in
the case A = 0 forces T to be a contraction, but in this case T is an A0-isometry with
A0 = s − limn→∞ T ∗nT n ≥ ∆T = −D2T . Here the case A0 = 0 corresponds to T being
strongly stable, i.e. ‖T nh‖ → 0 for h ∈ H. We have proved that (iv) implies (ii).
Next, let T be an operator as in (ii), i.e. satisfying T ∗AT = A with 0 6= A ≥ 0 and
A ≥ ∆T . Then the operator AT := A −∆T is positive and one can suppose AT 6= 0, or in
other words, T is not a 2-isometry.
We define the lifting SA,T of T on the space HA,T := l2+(R(AT ))⊕H with the block matrix
(3.8) SA,T =
(
S+ A˜T
0 T
)
,
where S+ is the forward shift on l
2
+(R(AT )) and A˜T = JA1/2T , J being the canonical injection
of R(AT ) into l2+(R(AT )). Then, on the above decomposition of HA,T , we have
∆SA,T = 0⊕ (AT +∆T ) = 0⊕A.
Therefore,
S∗A,T∆SA,TSA,T = 0⊕ T ∗AT = 0⊕A = ∆SA,T .
Hence SA,T is a 2-isometry and SA,T |HA,T⊖H = S+ is an isometry. We conclude that SA,T is
a 2-isometric lifting of type I for T .
In the case when T is a contraction, it has even an isometric lifting (so of type I and of
covariance zero as a 2-isometry). In this case, if T ∗AT = A 6= 0, then A1/2T ≥ DT . Therefore
R(AT ) = DT ⊕ (R(AT ) ⊖ DT ). Using this and (3.8), one infers that SA,T is a 2-isometric
lifting of type I of the minimal isometric lifting of T . Hence (ii) implies (i), and thus the
assertions (i), (ii) and (iv) are equivalent. We also remark that cov(SA,T ) = ‖A‖1/2 and thus
cov(SA,T ) = 0 = ‖A0‖, when T is a strongly stable contraction.
Now we show that SA,T is a minimal lifting of T , that is, we have HA,T =
∨
n≥0 S
n
A,TH.
To see this, let k = d ⊕ h ∈ HA,T with h ∈ H and d =
⊕∞
0 dj ∈ l2+(R(AT )) such that k is
orthogonal to
∨
n≥0 S
n
A,TH. As k ⊥ H, it follows that h = 0. So k = d ⊥ SA,TH = A˜TH⊕TH.
Working in the spaceR(AT ), we have d0 ⊥ A1/2T H, and thus d0 = 0. By induction, one obtains
dj = 0 for each j ≥ 1; consequently k = d = 0. Thus the minimality condition is true.
The final part of the proof consists in showing the equivalence of (i) with (iii). Assume
that S is a 2-isometric lifting of T on K of covariance δ, with V = S|K⊖H an isometry.
Without loss of generality we can assume δ > 0 (otherwise, S is an isometry and so T is
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a contraction, hence T has trivially the form (3.4)). Then, by [3, Theorem 5.80], S has a
Brownian unitary extension S˜ on K˜ ⊃ K of covariance δ with the canonical representation
on K˜ = N (∆
S˜
)⊕R(∆
S˜
) of the form
S˜ =
(
V˜ δE˜
0 U
)
.
Here V˜ , E˜ are isometries with N (V˜ ∗) = R(E˜) and U is unitary.
Now, S˜, as an extension of S, has on the decomposition K˜ = (K ⊖ H) ⊕ H ⊕ (K˜ ⊖ K) a
block matrix of the form
S˜ =
V ⋆ ⋆0 T ⋆
0 0 ⋆
 .
Since S˜|K⊖H = V is an isometry and S˜ is a 2-isometry, it follows that H′ := K⊖H ⊂ N (∆S˜)
and V˜ |H′ = V . Inserting V into the above representation of S˜ one obtains a block matrix on
K˜ = H′ ⊕ (N (∆
S˜
)⊖H′)⊕R(∆
S˜
) of the form
S˜ =
V C
′ δE′
0 C δE
0 0 U
 .
Here we have represented the isometries V˜ on H′ ⊕M0, where M0 = N (∆S˜) ⊖ H′, and E˜
from M1 = R(∆S˜) into H′ ⊕M0, as
V˜ =
(
V C ′
0 C
)
, E˜ =
(
E′
E
)
,
where C,C ′, E and E′ are contractions satisfying V˜ ∗E˜ = V ∗E′ ⊕ (C ′∗E′ + C∗E) = 0. Also,
we have V ∗C ′ = 0 because V and V˜ are isometries.
Comparing the two 3× 3 matrices of S˜ we infer(
T ⋆
0 ⋆
)
= PK˜⊖H′ S˜|K˜⊖H′ =
(
C δE
0 U
)
,
the two block matrices being given on two different decompositions of M := K˜ ⊖ H′. Hence
T has an extension on M =M0 ⊕M1 of the form (3.4).
It remains now to verify the condition (3.5). Indeed, since V˜ and E˜ are isometries we have
C∗C + C ′∗C ′ = IM0 and E∗E + E′∗E′ = IM1 . Therefore C ′∗C ′ = D2C and E
′∗E′ = D2E.
Since V ∗C ′ = 0 and V ∗E′ = 0, we have R(C ′) ∪ R(E′) ⊂ N (V ∗) =: M′. Thus we infer by
polar decompositions that C ′ = J0DC and E′ = J1DE, where J0, J1 are isometries from DC ,
respectively from DE, into M′. So, J0 and J1 are the canonical mappings of DC = R(C ′∗)
onto R(C ′), respectively of DE = R(E′∗) onto R(E′), in the spaceM′. Finally, the condition
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V˜ ∗E˜ = 0 implies C ′∗E′+C∗E = 0, which becomes DCJ∗0J1DE +C∗E = 0, i.e. the condition
(3.5). We completed the proof that (i) implies (iii).
Conversely, let us assume that T has an extension T˜ of the form (3.4) onM =M0⊕M1,
as in (iii). Consider the operators D =
(
J0DC J1DE
)
fromM0⊕M1 intoM′ and J from
M′ intoM2 := l2+(R(D)) to be the canonical injection of R(D) intoM2. Let D˜C = JJ0DC ,
D˜E = JJ1DE , and Ŝ be the (minimal) lifting of T˜ acting on the space M˜ := (M2⊕M0)⊕M1
defined by the block matrix
Ŝ =
(
V ′ δF
0 U
)
.
Here V ′ on M2 ⊕M0 and F from M1 into M2 ⊕M0 have the representations
V ′ =
(
S+ D˜C
0 C
)
, F =
(
D˜E
E
)
,
where S+ is the forward shift on M2, while U,C,E and δ > 0 are as in (3.4). It is clear that
V ′ and F are isometries and that
V ′∗F = S∗+D˜E ⊕ (D˜∗CD˜E + C∗E) = 0⊕ (DCJ∗0J1DE + C∗E) = 0,
taking into account that N (S∗+) = JR(D) ⊃ R(D˜E) and using the relation (3.5). Thus, one
obtains ∆
Ŝ
= 0 ⊕ δ2IM1 , and we conclude that Ŝ is a 2-isometry, in fact even a Brownian
isometry with δ−2∆Ŝ an orthogonal projection.
Expressing now T in the matrix of its extension T˜ on M = H⊕ (M⊖H) in the form
T˜ =
(
T ⋆
0 ⋆
)
,
and then inserting T˜ in the matrix of Ŝ (as a lifting of T˜ ), we infer that the subspace H′ :=
M2 ⊕H is invariant for Ŝ and that S′ = Ŝ|H′ is a 2-isometric lifting for T with S′|M2 = S+
an isometry. So T satisfies (i). In addition, since S′∗S′H ⊂ H, we get ∆S′ = PH∆Ŝ |H and
cov(S′) ≤ δ. If H ∩M1 6= {0}, then cov(S′) = δ, while if H ⊂ M0, then T is a contraction
and S′ = V ′|H′ is an isometry with cov(S′) = 0. Notice that, by construction, S′ is not
minimal. One can consider S0 := S
′|K0 where K0 =
∨
n≥0 S
′nH. Since K0 is reducing for S′
(see Remark 4.10 below), it follows that S0 is a minimal 2-isometric lifting of type I for T
with cov(S0) ≤ δ. Hence (iii) implies (i) and all assertions are now proved. 
It is easy to see that every operator T of the form (3.4) on H = H0⊕H1 is a PH1-isometry.
In addition, one has
δ2PH1 −∆T =
(
D2C −δC∗E
−δE∗C δ2D2E
)
.
Thus, when the condition (3.5) holds, i.e. −C∗E = DCJ∗0J1DE , the above matrix is positive.
Hence δ2PH1 ≥ ∆T . Applying for such an operator T the arguments used in the proof of
equivalences of (i) with (ii) and (iii), we deduce the following result.
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Corollary 3.3. For an operator T ∈ B(H) the following statements are equivalent:
(i) T has the form (3.4) and the condition (3.5) holds true;
(ii) T is a P -isometry for an orthogonal projection P with δ2P ≥ ∆T and some scalar
δ > 0;
(iii) T has a (minimal) Brownian isometric lifting S of type I, with δ−2∆S an orthogonal
projection and δ = cov(S).
An application of Theorem 3.2 concerns the (A, 2)-expansive operators studied in [20],
which in fact are the ∆A(T )-contractions, where ∆A(T ) = T
∗AT − A and A is a positive
operator. We obtain the following consequence.
Corollary 3.4. Let T ∈ B(H) be an invertible (A, 2)-expansive operator such that A ≥ ∆T
or A ≥ ∆T−1. Then T , respectively T−1, has minimal 2-isometric liftings of type I.
Proof. From hypothesis and [20, Theorem 3.10 (ii)], it follows that T ∗AT = A, or, equiva-
lently, (T ∗)−1AT−1 = A. Thus one can apply Theorem 3.2 to T if A ≥ ∆T , respectively to
T−1 if A ≥ ∆T−1 , to obtain the conclusion. 
Remark 3.5. Theorem 3.2 can be seen as a generalization of the well-known theorem of
isometric lifting of a contraction (see [17, 39]). The operator SA,T in (3.8) is a minimal
2-isometric lifting of T on the space K = l2+(R(AT )) ⊕ H, while in the case when T is a
contraction (corresponding to A = 0 in (ii)), the operator S0,T is the minimal isometric
lifting of T . But the 2-isometric lifting SA,T with A 6= 0 is not uniquely determined by the
minimality condition, up to unitary equivalence which fixes H, as we will see in the next
section. This happens even for contractions T with Â := s − limn→∞ T ∗nT n 6= 0 when
we consider the corresponding lifting SÂ,T . In this case T
∗ÂT = Â ≥ ∆T = −D2T . Then
ÂT = Â + D
2
T and SÂ,T is a minimal 2-isometric lifting of T of covariance ‖Â‖1/2 > 0, so
SÂ,T is not isometric. Hence SÂ,T cannot be unitarily equivalent to S0,T .
Remark 3.6. The condition (3.5) does not imply the condition C∗E = 0, in general, but
the converse implication holds by choosing J0, J1 such that the subspaces J0DC and J1DE
are orthogonal in M′. Therefore, the operators T of the form (3.4) with the condition
C∗E = 0 form a special class of operators with Brownian isometric liftings of type I having
the covariance operators the scalar multiples of orthogonal projections (by Corollary 3.3).
We mention here two special cases. If C is a coisometry in (3.4), then (3.5) implies E = 0,
hence the operator C ⊕ U is a contraction. Also, if C or E are isometries, then the two
conditions (3.5) and C∗E = 0 are simultaneously satisfied.
3C. Expansive operators. The case when C, the upper left entry of the matrix (3.4), is an
isometry is related to expansive operators. Recall that T is said to be expansive if T ∗T ≥ I.
Theorem 3.7. For an operator T ∈ B(H) the following statements are equivalent :
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(i) T is expansive and has a minimal 2-isometric lifting of type I;
(ii) T is an A-contraction for some A ∈ B(H) such that A ≥ ∆T ≥ 0;
(iii) T has an extension T˜ on a Hilbert space K which on an orthogonal decomposition
K = K0 ⊕K1 has the form
(3.9) T˜ =
(
V δE
0 U
)
,
with V an isometry on K0, U a unitary operator on K1, E a contraction from K1
into K0 satisfying V ∗E = 0, and δ ≥ ‖∆T ‖1/2.
Moreover, if these statements are true, then one can chose T˜ in (3.9) with δ = ‖A‖1/2 for
A as in (ii).
Proof. We may assume that T is non-isometric, i.e. ∆T 6= 0. It is clear that (i) implies (ii)
by Theorem 3.2. Conversely, let us assume that T ∗AT ≤ A with A ≥ ∆T ≥ 0, as in (ii).
Then there exists a contraction T̂ on R(A) such that T̂A1/2h = A1/2Th for h ∈ H. In fact,
defining the operator A0 : H → R(A) by A0h = A1/2h, h ∈ H we have A0T = T̂A0.
Let V̂ on Ĥ ⊃ R(A) be the minimal isometric lifting of T̂ . Then, as T ∗T ≥ I, by the Treil-
Volberg generalization of the commutant lifting theorem (see [13], [18], [40]), there exists an
operator Â ∈ B(H, Ĥ) with ‖Â‖ = ‖A0‖ such that
PĤ,R(A)Â = A0, ÂT = V̂ Â.
Defining B ∈ B(H) by B = Â∗Â, we have T ∗BT = B, i.e. T is a B-isometry with ‖B‖ = ‖A‖
and B ≥ A∗0A0 = A ≥ ∆T ≥ 0. Hence (ii) implies (i) by Theorem 3.2.
To show that (i) implies (iii) we can suppose (by Theorem 3.2, (i)) that T is a B-isometry
with B ≥ ∆T ≥ 0. Then there exists an isometry W on R(B) satisfying the relation
WB1/2 = B1/2T .
Let us denote B0 = ‖B‖−1B. Since T is expansive and a B0-isometry, we have
T ∗(I −B0)T = T ∗T −B0 ≥ I −B0,
and then, by Douglas’ lemma [15], one obtains a contraction C on H satisfying the relation
(I −B0)1/2 = T ∗(I −B0)1/2C.
This, together with the relation B ≥ ∆T , yield the inequality
T ∗(I −B0)1/2(I −CC∗)(I −B0)1/2T = T ∗T − I ≤ B = ‖B‖B0.
Consider V on K0 ⊃ H to be the minimal isometric lifting of C. Therefore PK0,HV =
CPK0,H. Define the linear operator E0 : R(B1/2)→ K0 by the relation
E0(B
1/2
0 h) = (I − V V ∗)(I −B0)1/2Th, h ∈ H.
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Since V ∗|H = C∗, from the above relations one obtains
‖E0B1/20 h‖2 = 〈(I − V V ∗)(I −B0)1/2Th, (I −B0)1/2Th〉
= 〈(I − CC∗)(I −B0)1/2Th, (I −B0)1/2Th〉
= 〈∆Th, h〉 ≤ 〈Bh, h〉.
Setting E1 := δ
−1E0, where δ = ‖B‖1/2 ≥ ‖∆T ‖1/2, the previous inequality becomes
‖E1B1/2h‖ ≤ ‖B1/2h‖, h ∈ H.
So E1 can be continuously extended to a contraction, also denoted E1, from R(B) into K0.
In addition, by the definition of E0, one has V
∗E1 = 0.
Let now U be the minimal unitary extension of W on the space K1 =
∨
n≥0 U
∗nR(B),
and let E : K1 → K0 be a contractive extension of E1 to K1, for example E = E1P where
P = PK1,R(B) is the projection of K1 onto R(B). Clearly, one has V ∗E = 0.
Consider the Hilbert space K = K0⊕K1 and the operator T˜ ∈ B(K) having the block matrix
(3.9) with the above operators V,U,E and number δ. Define now the operator Z : H → K
with R(Z) ⊂ K0 ⊕R(B), by the relation
Zh = (I −B0)1/2h⊕B1/20 h, h ∈ H.
Obviously, Z is an isometry. We now show that ZT = T˜Z. We have U |R(B) = W and
E|R(B) = E1, so
ZTh = (I −B0)1/2Th⊕B1/20 Th = (I −B0)1/2Th⊕ UB1/20 h.
On the other hand, using (3.9), we have
T˜Zh = [V (I −B0)1/2h⊕ E0B1/20 h]⊕ UB1/20 h.
But V ∗|H = C∗, and from the definitions of E0 and C we get
(I −B0)1/2Th = V V ∗(I −B0)1/2Th⊕ (I − V V ∗)(I −B0)1/2Th
= V C∗(I −B0)1/2Th⊕ E0B1/20 h = V (I −B0)1/2h⊕E0B1/20 h.
Hence ZT = T˜Z, which means that T is unitarily equivalent to the operator T ′ = T˜ |R(Z)
such that T˜ is an extension of T ′ of the form (3.9).
Identifying T with T ′, it follows that T has the property (iii), and we conclude that (i)
implies (iii). In addition, we note that δ = ‖B‖1/2. We have seen that such an operator
B can be induced by an operator A satisfying (ii) with ‖B‖ = ‖A‖, so we can choose
δ = ‖A‖1/2 ≥ ‖∆T ‖1/2 (as ∆T ≥ 0) in this case.
To complete the proof we show that (iii) implies (i). Indeed, let us assume that T˜ on
M =M0 ⊕M1 ⊃ H is an extension of T , T˜ having the form (3.9) with V ∗E = 0. Then H,
as a subspace ofM, is invariant for T˜ . But T˜ is expansive because ∆T˜ = 0⊕δ2E∗E ≥ 0, and
we infer that ∆T = PH∆T˜ |H ≥ 0. Thus T is also expansive. Furthermore, as we have seen
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before in Corollary 3.3, T˜ is a PM1-isometry and δ2PM1 ≥ ∆T˜ . Now PM1H 6= {0}, because
otherwise one has H ⊂ M0, so T = T˜ |H = V |H. Hence H is invariant for V and T is an
isometry, in contradiction with our assumption. Therefore PM1 |H 6= 0, which implies
PHPM1 |H ≥ δ−2PH∆T˜ |H = δ−2∆T .
Thus PHPM1 |H 6= 0 (as ∆T 6= 0). Finally, from the relation T˜ ∗PM1 T˜ = PM1 , we deduce
that T ∗A1T = A1, where A1 = PHPM1 |H. Hence T is a δ2A1-isometry with δ2A1 ≥ ∆T .
Therefore T satisfies (by Theorem 3.2) the requirements of (i). This proves that (iii) implies
(i). The proof is complete. 
Let us note that in the proof of implication (i) ⇒ (iii) we have used an argument inspired
from [3, Theorem 5.80]. The result of [3] concerns 2-isometries; in the case when T is a
2-isometry one can choose in the above proof B = ∆T . This leads to the isometry E1 and
one can consider E an isometric extension of E1 with R(E) = N (V ∗). Then, in this case,
T˜ is a Brownian unitary extension of T with cov(T˜ ) = δ = cov(T ), and so one recovers the
result of [3].
Concerning the operator T˜ in (3.9), we remark that we do not assume any relationship
between the operators E and U . However, these operators satisfy the equivalent conditions
of Theorem 3.7 and they can be described by the special Brownian isometric liftings from
Corollary 3.3, as follows.
Proposition 3.8. For an operator T on H the following statements are equivalent:
(i) T has a block matrix decomposition (3.9) on H = H0 ⊕ H1, with H0 an invariant
subspace for T ∗T ;
(ii) T is an expansive P -isometry for an orthogonal projection P with δ2P ≥ ∆T and
some scalar δ > 0;
(iii) T has a (minimal) Brownian isometric lifting S of type I, on a space K = H⊥⊕H such
that N (∆S)⊖H⊥ is an invariant subspace for S, δ−2∆S is an orthogonal projection
and δ = cov(S).
Proof. Let T on H = H0⊕H1 of the form (3.9) with the block matrix given by the operators
V,E and U , with V ∗E = 0 and δ > 0. Obviously, the condition V ∗E = 0 in (3.9) means that
H0 reduces T ∗T . Proceeding as in the proof of Theorem 3.2 (the construction of Ŝ), when
V = T |H0 is an isometry in (3.9) we find a lifting S of T on K = l2+(D˜E)⊕H0⊕H1 with the
representations
S =
S+ 0 δD˜E0 V δE
0 0 U
 = (V˜ δE˜
0 U
)
=
(
S+ ⋆
0 T
)
,
where S+ is the forward shift on H⊥ = K⊖H, V˜ = S+ ⊕ V on H⊥ ⊕H0, E˜ =
(
D˜E E
)tr
:
H1 → H⊥ ⊕ H0, while D˜E = JEDE with JE the canonical injection of DE into H⊥
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V˜ and E˜ are isometries and V ∗E = 0, it follows that S is a Brownian isometric lifting of
type I for T , with N (∆S) = H⊥ ⊕H0 and N (∆S) ⊖H⊥ = H0 an invariant subspace for S.
Remark also that δ−2∆S = PH1 , so δ = cov(S) and, in addition, that S is a minimal lifting
of T . Hence (i) implies (iii).
Conversely, let us assume that such an operator S on K = H⊥⊕H is a Brownian isometric
lifting for T withH⊥ ⊂ N (∆S) (so S is of type I) andN (∆S)⊖H⊥ is an invariant subspace for
S. Then V0 = S|H⊥ and V1 = S|N (∆S)⊖H⊥ are isometries. Hence the isometry V˜ := S|N (∆S)
can be written as the direct sum V˜ = V0⊕V1 on H⊥⊕ (N (∆S)⊖H⊥) (as both subspaces are
invariant for V˜ ). Then, from the block matrix of S on K = N (∆S)⊕R(∆S) with the operators
V˜ , E˜, U and δ = cov(S), it follows that T has on H = (N (∆S)⊖H⊥)⊕R(∆S) =: H0 ⊕H1
the representation
T = PHS|H =
(
V1 δF
0 U
)
, F = PH0E˜|H1 .
Clearly, δ = cov(S) > 0 because T (like S) can be assumed non-isometric. Since V˜ ∗E˜ = 0 in
the block matrix of the 2-isometry S, we infer V ∗1 F = 0. Hence T has a representation of the
form (3.9) on H = H0 ⊕H1, where the subspace H0 reduces T ∗T . Therefore (iii) implies (i).
Now, since the operators of the form (3.9) are expansive and they satisfy (3.4) with the
condition (3.5), the implication (i)⇒ (ii) follows from Corollary 3.3. Conversely, if T satisfies
the assertion (ii), then T has the form (3.4) on H = H0 ⊕ H1 with the condition (3.5), by
Corollary 3.3. The operator T being expansive by (ii), it follows that C = T |H0 is expansive,
hence C is an isometry (C being a contraction in (3.5)). Then the condition (3.5) reduces to
C∗E = 0, where E = PH0T |H1 . We conclude that T has the form (3.9). Hence (ii) implies
(i) and the proof is complete. 
Remark 3.9. The Brownian isometric liftings mentioned in Corollary 3.3 and Proposition
3.8 are not Brownian unitaries, in general. While both satisfy the conditions (i), (ii) and (iii)
of [3, Theorem 5.20], they not satisfy the condition (iv) of the same result [3, Theorem 5.20]
in which Brownian unitaries are characterized.
Notice that Theorem 3.2 shows that the class of operators of the form (3.4) with the
condition (3.5) provides a model for all operators which have 2-isometric liftings of type I.
In the same way, Theorem 3.7 shows that the operators of the form (3.9) are models for the
expansive operators with 2-isometric liftings of type I. However, these models are not optimal
in the sense of [3, Section 5].
3D. Concave operators and operators similar to isometries. In the case of concave
operators we can say more.
Theorem 3.10. For an operator T ∈ B(H) the following statements hold:
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(i) T is concave if and only if T has an extension T1 on M =M0⊕M1 ⊃ H of the form
(3.10) T1 =
(
V δE1
0 W
)
,
where V,W are isometries, E1 is a contraction with V
∗E1 = 0, W ∗E∗1E1W ≤ E∗1E1,
and δ = ‖∆T ‖1/2. In this case T1 is also concave with ‖∆T1‖1/2 = δ.
(ii) If T is concave, and one of the sequences {∆1/2T T n} or {∆1/2T1 T n1 } converges strongly
to zero, then the other also strongly converges to zero. In this case the sequences
{ 1√
n
T n} and { 1√
n
T n1 } converge strongly to zero.
(iii) A concave operator T has a minimal 2-isometric lifting of type I and of covariance
‖∆T ‖1/2.
Proof. Assume T concave. By applying Theorem 3.7 with A = ∆T , and using the same
notation from its proof, one obtains an extension T1 of T on the space M = K0 ⊕ R(B) of
the form (3.10). More precisely, V,W are isometries on K0, respectively on R(B), E1 is a
contraction from R(B) into K0 with V ∗E1 = 0, and δ = ‖∆T ‖1/2 = ‖B‖1/2. As T is concave,
T1 will be concave, too. Indeed, the representation (3.10) of T1 implies
∆T1 = 0⊕ δ2E∗1E1, T ∗1∆T1T1 = 0⊕ δ2W ∗E∗1E1W,
and from the proof of Theorem 3.7 we have, for h ∈ H,
‖E1WB1/2h‖2 = ‖E1B1/2Th‖2 = 〈T ∗∆TTh, h〉
≤ 〈∆Th, h〉 = ‖E1B1/2h‖2.
Therefore W ∗E∗1E1W ≤ E∗1E1, or equivalently T ∗1∆T1T1 ≤ ∆T1 . Thus T1 is concave. It is
clear that ‖∆T1‖1/2 ≤ δ. It follows from the proof of Theorem 3.2 that one can consider
Z an isometry from H into M such that ZT = T1Z. This implies ∆T = Z∗∆T1Z, so
δ = ‖∆T ‖1/2 ≤ ‖∆T1‖1/2. Hence ‖∆T1‖1/2 = δ. The direct implication of the assertion (i) is
proved, while the converse part is easy (that is, if T has an extension T1 of the form (3.10),
then T = T1|H is concave because H is invariant for T1).
To show the assertion (ii) we remark that if
‖∆1/2T1 T n1 (k0 ⊕ k1)‖ = δ‖E1W nk1‖ → 0, n→∞,
for all k0 ∈ K0, k1 ∈ R(B), then, for k1 = B1/2h with h ∈ H, we have
‖∆1/2T T nh‖ = ‖E1W nB1/2h‖ → 0, n→∞.
Conversely, if this last convergence holds, then, by the Banach-Steinhaus theorem (E1 andW
being contractions), one has E1W
nk1 → 0 for any k1 ∈ R(B). In other words, ∆1/2T1 T n1 → 0
strongly. So, the sequences {∆1/2T1 T n1 } and {∆
1/2
T T
n} simultaneously converge strongly to
zero. If this happens, then, by a similar argument to that used in the proof of [20, Theorem
3.10], one can show that 1√
n
T n → 0 and 1√
n
T n1 → 0 strongly. So (ii) holds.
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The assertion (iii) follows immediately. Thus, considering T a B-isometry (by Theorem
3.7) with B ≥ ∆T and ‖B‖ = ‖∆T ‖, one can construct the 2-isometry SB,T as in (3.8), which
is a minimal lifting of T of type I and of covariance ‖∆T ‖1/2. 
Remark 3.11. If T is a concave operator, then, by Theorem 3.7, T has an extension T˜ of
the form (3.9) which, in fact, can be obtained from T1 in (3.10) by extending W to a unitary
operator. But T˜ is not concave, in general. So Theorem 3.10 shows that the appropriate
extensions describing concave operators are those of the form (3.10). This provides a model
for the concave operators T with ‖∆T ‖ ≤ δ2, for some fixed δ > 0. A related fact is given
by the last assertion of (i) in Theorem 3.10, which says that a concave T is of class C0· (as
a ∆T -contraction) if and only if the corresponding concave model T1 is of the same class C0·
(as a ∆T1-contraction). We refer to [39] for details about the class C0·.
Let us remark that T1 in (3.10) is different from the Brownian extension Tb of a concave
T obtained in [26, Theorem B], when ‖T‖ ≤ √2 (i.e. ∆T ≤ I). Indeed, in this case ∆Tb is
an orthogonal projection, contrary to ∆T1 (in general).
Note also that the extension T1 from (3.10) of a concave operator T is an improved version
of the extensions obtained in [11, Proposition 2.2, Theorem 2.1], where different 2-isometric
liftings have been directly constructed.
Theorem 3.2 applies in particular to operators similar to isometries (these are A-isometries
with A invertible). If T is such an operator satisfying T ∗AT = A with A ≥ βI for a scalar
β > 0, then A ≥ βT ∗T ≥ β∆T and T is also an Aβ-isometry, where Aβ = β−1A. In addition,
since Aβ −∆T ≥ T ∗T −∆T = I, one has R(Aβ −∆T ) = H. Hence the corresponding lifting
SAβ ,T acts on l
2
+(H).
Another interesting case is that of quasi-isometries, i.e. the T ∗T -isometries, where A =
T ∗T is not necessary invertible in this case. For both cases (operators similar to isometries
and quasi-isometries) we deduce from Theorem 3.2 the following result.
Corollary 3.12. If T ∈ B(H) is similar to an isometry, or T is a quasi-isometry, then T
has a minimal 2-isometric lifting of type I on the space l2+(H). Such a lifting is the operator
SAβ ,T (respectively ST ∗T,T ), having covariance ‖Aβ‖1/2 (respectively ‖T‖).
Notice that a quasi-isometry T is similar to an isometry if and only if T is injective with
R(T ) closed (see [25]). Also, a quasi-isometry T is expansive if and only if V = T |R(T ) is
an isometry, X = PR(T )T |N (T ∗) is expansive and V ∗X = 0. Hence Theorem 3.7 cannot be
applied to quasi-isometries, in general.
A result obtained in [10, Theorem 1.1] shows that an expansive operator is similar to an
isometry if and only if the Cesa`ro meansMn :=
1
n+1
∑n
j=0 T
∗jT j are bounded. In this case the
sequence {Mn} strongly converges to an operator M such that T ∗MT = M and M ≥ T ∗T .
Thus, we conclude by Corollary 3.12 that the expansive operators T which are similar to
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isometries have 2-isometric liftings of type I. These liftings can be chosen of covariance equal
to ‖M‖1/2. In general, this covariance is less than ‖MT ‖1/2, whereMT := s− limn→∞ T ∗nT n,
because Mn ≤ T ∗nT n for n ≥ 1. Clearly, T is also an MT -isometry with MT ≥ T ∗T .
Therefore MT induces a minimal 2-isometric lifting of type I for T and of covariance equal
to ‖MT ‖1/2.
4. Two-isometric liftings of type II
4A. A-contractions. As in Definition 3.1, a 2-isometric lifting S for T ∈ B(H) is of type II
if H is invariant for S∗S. The following result should be compared to Theorem 3.2 for the
type I case.
Theorem 4.1. For an operator T ∈ B(H) the following statements are equivalent:
(i) T has a 2-isometric lifting of type II on a Hilbert space containing H;
(ii) T is an A-contraction for a positive operator A 6= 0 on H with ∆T ≤ A;
(iii) T has a lifting T∗ on H∗ ⊃ H which is a B-isometry for some B ∈ B(H∗) with
0 6= B ≥ 0, such that ∆T∗ ≤ B and BH ⊂ H;
(iv) T has a 2-isometric lifting S of the form (3.1) with operators W and X satisfying the
condition
(4.1) X∗∆WX + 2Re(X∗W ∗XT ) ≥ 0.
Moreover, if these statements are true, then the lifting S in (i) and (iv) and T∗ from (iii)
can be chosen either minimal, or with ∆S|
H⊥
= 2P , where P is an orthogonal projection,
with shifts on the main diagonal of S|H⊥ in its canonical representation and with cov(S) =√
2 ·max{1, ‖A‖1/2} for A from (iii).
Proof. If S on K ⊃ H is a 2-isometric lifting of type II of T with the block matrix (3.1),
then W ∗X = 0 and so the condition (4.1) is satisfied. Hence (i) implies (iv). Next, if a
2-isometric lifting S of the form (3.1) satisfies (4.1), then, from the relation (3.7), we infer
that T ∗AT ≤ A, where A = X∗X + ∆T ≥ ∆T . Clearly, one has A ≥ 0 since ∆S ≥ 0 in
(3.2). Notice that if A = 0, then I − T ∗T = X∗X ≥ 0. Therefore T is a contraction, i.e. an
I-contraction with I ≥ ∆T . Hence one can always consider A 6= 0, and thus we proved that
(iv) implies (ii).
Now, let T be non-isometric and let A be as in (ii), i.e. satisfying T ∗AT ≤ A with A ≥ 0
and A ≥ ∆T 6= 0. Then there exists a contraction T̂ on R(A) such that T̂A1/2 = A1/2T . Let
Ŝ be the forward shift on l2+(DT̂ ) and D = JDT̂ , where J is the canonical injection of DT̂ into
l2+(DT̂ ). Define the lifting T∗ of T and the extension Â of A on the space H∗ := l2+(DT̂ )⊕H
by the block matrices
(4.2) T∗ =
(
Ŝ DA1/2
0 T
)
, Â =
(
I 0
0 A
)
.
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We have Ŝ∗DA1/2 = 0. We use this relation to obtain that
T ∗∗ ÂT∗ = I ⊕ (A1/2D2T̂A
1/2 + T ∗AT ) = I ⊕ (A−A1/2T̂ ∗T̂A1/2 + T ∗AT )
= I ⊕A = Â.
Therefore T∗ is an Â-isometry. Moreover, taking into account that ∆T ≤ A, one has
∆T∗ = 0⊕ (A− T ∗AT +∆T ) ≤ 0⊕ (A+∆T ) ≤ 2Â.
Setting B = 2Â, we obtain that B and T∗ satisfy the conditions from (iii). Therefore (ii)
implies (iii).
To complete the assertion (iii) we notice that the lifting T∗ of T is minimal, that is H∗ =∨
n≥0 T
n∗ H. This fact follows easily (as for SA,T in the proof of Theorem 3.2), keeping in
mind that DT̂ = DT̂A1/2H, T̂ being defined on R(A).
In order to prove that (iii) implies (i) we assume that T∗ on H∗ ⊃ H and B are as in
(iii). Then, using Theorem 3.2, we find a 2-isometric lifting S = SB,T∗ as in (3.8) for T∗
on a Hilbert space K ⊃ H∗ such that ∆S = 0 ⊕ B on K = H⊥∗ ⊕ H∗. Clearly, S will be a
lifting for T having on K = H′ ⊕ H a representation of the form (3.1) with W = S|H′ and
X ∈ B(H,H′). So one obtains ∆S on K = H′ ⊕ H with representation (3.2). Now, since
BH ⊂ H and B ≥ 0, it follows that H reduces B, so B = B0 ⊕B1 on H∗ = H⊥ ⊕H. Then,
as S|H⊥∗ is an isometry, we get the representations
∆S = 0⊕B = (0⊕B0)⊕B1
on the decompositions K = H⊥∗ ⊕H∗ = H′ ⊕H, respectively. From the block matrix (3.2) of
∆S we infer that W
∗X = 0. This means that S is a 2-isometric lifting of type II of T . Thus
we have shown that (iii) implies (i).
Let us remark that the above lifting S = SB,T∗ can be chosen in such a manner that it
has the form (3.1) with ∆W = 2P , where P is an orthogonal projection. Indeed, if we take
B = 2Â as in the implication (ii) ⇒ (iii), then S can be expressed in terms of the operator
A from (ii). Keeping in mind the form of ∆T∗ , we get
BT∗ := B −∆T∗ = 2Â−∆T∗ = 2I ⊕ (A+ T ∗AT −∆T ) = 2I ⊕B0
on H∗ = l2+(DT̂ )⊕H, where B0 = A+ T ∗AT −∆T ≥ 0. So, by (3.8), the operator S acts on
K = H⊥∗ ⊕ H∗, where H⊥∗ = l2+(R(BT∗)) and R(BT∗) = l2+(DT̂ ) ⊕ R(B0). Therefore, S has
on K = H⊥∗ ⊕ l2+(DT̂ )⊕H = (K ⊖H)⊕H the representations
(4.3) S =
S∗
√
2I˜ B˜0
0 Ŝ DA1/2
0 0 T
 = (W X
0 T
)
,
where S∗ is a shift operator on H⊥∗ , while I˜ and J˜ , with B˜0 = J˜B1/20 , are the canonical
injections of H∗ ⊖H, respectively of R(B0), into N (S∗∗). We infer from these matrices that
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W = S|H′ has a special form on H′ = K ⊖H with two shifts on the main diagonal and I˜ an
isometry. Therefore ∆W = 0 ⊕ 2I = 2PR(∆W ). Also, since ∆S = 0 ⊕ B = 0 ⊕ 2(I ⊕ A), we
get cov(S) =
√
2 ·max{1, ‖A‖1/2}. Thus we have proved the last assertion (iv).
It remains to show that the lifting S in (i) can be chosen minimal, i.e. with K = ∨n≥0 SnH.
Indeed, let us denote by K0 =
∨
n≥0 S
nH the smallest invariant subspace in K for S which
contains H, and let S0 = S|K0 . Then S0 is a 2-isometry. Since S∗ is an extension of T ∗ and
a lifting of S∗0 , we have
S∗0 |H = PK0S∗|H = T ∗.
Hence S0 is a lifting of T . So, S0 has the form
S0 =
(
W0 X0
0 T
)
on K0 = H0 ⊕ H, where W0 = S0|H0 = S|H0 = W |H0 and X0 = PH0X|H. Here W and X
are coming from the block matrix (3.1) of S on K = H′ ⊕H and they have representations
of the form
W =
(
W0 ⋆
0 ⋆
)
, X =
(
X0
⋆
)
on H′ = H0 ⊕H⊥0 , respectively from H into H0 ⊕H⊥0 for the matrix of X. But S is a lifting
of type II for T , so S∗SH ⊂ H. Then S∗0S0H = PK0S∗SH ⊂ H, so S0 is also a lifting of type
II for T . In addition, S0 is a minimal lifting. Since any lifting of T satisfying (i) also satisfies
(iv), it follows that in (iv) one can also chose a minimal lifting for T . This completes the
proof of theorem. 
Remark 4.2. The condition BH ⊂ H in the assertion (iii) of Theorem 4.1 is essential (as
we have seen in the proof of (iii) ⇒ (i)). If T has a lifting which has a 2-isometric lifting of
type I, then it is not necessarily true that T has a 2-isometric lifting of type II.
Obviously, Theorem 4.1 generalizes Theorem 3.2. The assertion (ii) of the latter can
be reformulated in terms of A-contractions and operators Q-expansive T , i.e. satisfying
0 ≤ Q ≤ T ∗QT . More precisely, from Theorem 3.2 and [13, Theorem 2.1], we deduce the
following result which shows when an operator with 2-isometric liftings of type II has a
lifting of type I. This always happens for expansive operators (by Theorems 3.7 and 4.1). In
addition, the corollary below reproves the assertion (ii) of Theorem 3.7 in the case when Q
is a scalar multiple of the identity (for T expansive).
Corollary 4.3. An operator T 6= 0 has a 2-isometric lifting of type I if and only if there
exist two positive operators A and Q satisfying ∆T ≤ A and T ∗AT ≤ A ≤ Q ≤ T ∗QT .
Notice that if T is an operator similar to a contraction, then T is an A0-contraction for
an invertible operator A0, which can be chosen such that A0 ≥ T ∗T , so with ‖A0‖ ≥ ‖T‖.
Therefore, as a direct consequence of Theorem 4.1, we obtain the following result.
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Corollary 4.4. If T ∈ B(H) is non-contractive and similar to a contraction, then T has a
2-isometric lifting of type II and of covariance
√
2 · ‖A0‖1/2 with ‖A0‖ ≥ ‖T‖.
Among the operators similar to contractions we can consider those having ρ-dilations. For
ρ > 0, an operator T ∈ B(H) is said to have a ρ-dilation if there exists a unitary operator Uρ
on some space Hρ ⊃ H such that T n = ρPHUnρ |H for n ≥ 1 (see [39]). Such a ρ-dilation Uρ
of T is not a lifting for T . From Corollary 4.4 we deduce the following
Corollary 4.5. Any operator T having a ρ-dilation has a minimal 2-isometric lifting of type
II.
Recall (see [38]) that an operator with a ρ-dilation is a ST -isometry for some positive
operator ST . So if ST ≥ ∆T it follows that T has even a 2-isometric lifting of type I.
Another special class of operators similar to contractions is given by quasi-contractions,
that is the T ∗T -contractions (see [11, 14]). For such an operator T one obtains from Theo-
rem 4.1 a 2-isometric lifting S of type II with cov(S) =
√
2 ·max{1, ‖T‖} = √2‖T‖, if T is
non-contractive.
Now we show that there exist operators similar to contractions, even quasi-contractions,
which does not have 2-isometric liftings of type I.
Example 4.6. Let C be a contraction on H such that Cn → 0 strongly and let δ > 1 be a
scalar. Then the operator T on H⊕H with the representation
T =
(
C δJ
0 0
)
,
where J(0⊕ h) = h⊕ 0, for h ∈ H, is a non-contractive quasi-contraction. Thus T is similar
to a contraction. But T n → 0 strongly, because C has this property. Hence T cannot be
an A-isometry with A 6= 0. Thus, by Theorem 3.2, T does not possess 2-isometric liftings of
type I.
A simpler example of this form is a nilpotent operator of order 2 (and thus having ρ-
dilations for suitable ρ) on C⊕ C.
On the other hand, we show that an operator T similar to a contraction can have 2-isometric
liftings of type I (not only of type II), without being similar to an isometry. Therefore, in
this case, Corollary 4.3 applies to a non-invertible operator A, so not equal to the operator
A0 from Corollary 4.4 (otherwise T will be similar to an isometry by [13, Theorem 2.1]).
Example 4.7. Let U be a unitary operator on H = H0⊕H1 (Hj 6= {0}) with a block matrix
of the form
U =
(
V ⋆
0 V ′∗
)
,
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where V and V ′ are isometries. Let C = V ⊕ 0 on H and set E = −J(0⊕ V ′∗), acting from
{0} ⊕ H to H ⊕ {0}, where J is as in Example 4.6. Finally, we define the operator T on
H⊕H by
T =
(
C E
0 U
)
.
It is clear that C∗E = 0. Therefore T has the form (3.4). Furthermore, if Z = JPH1 (an
operator from {0} ⊕ H into H⊕ {0}), then it is easy to see that
CZ − ZU = −J(0⊕ V ′∗) = E.
A known result (see [9]) and the last relation ensure that T is similar to a contraction, more
precisely to the diagonal operator C ⊕ U . As C is not an isometry, the operator T is not
similar to an isometry. However, T has a minimal Brownian isometric lifting of type I, by
Corollary 3.3.
4B. Isomorphic minimal 2-isometric liftings. Previous results show the existence of
minimal 2-isometric liftings, but their uniqueness up to an isomorphism (i.e. a unitary
equivalence which fixes H) is not guaranteed, in this context. This is in contrast to the
classical case of isometric (unitary) dilation theory of contractions (see [17], [39]). However,
the following fact about minimal 2-isometric liftings of type II is true.
Proposition 4.8. Let T ∈ B(H) and let S on K ⊃ H and S′ on K′ ⊃ H be two minimal
2-isometric liftings of T with S∗SH ⊂ H and S′∗S′H ⊂ H. Then S and S′ are isomorphic
if and only if S∗S|H = S′∗S′|H. If this is the case, then the 2-isometries S|K⊖H and S′|K′⊖H
are unitarily equivalent.
Proof. Let T, S and S′ be as above. Since S is a 2-isometry, we have S∗2S2 = 2S∗S − I and,
for n > 2, one obtains the formula S∗nSn = nS∗S − (n − 1)I. A similar relation holds for
S′. Since S∗SH ⊂ H, we infer that S∗nSnH ⊂ H for n ≥ 1. On the other hand, we have
PHSn|H = T n = PHS′n|H for n ≥ 1. Using these relations, we obtain, for any finite system
{hj}n0 ⊂ H, that
‖
n∑
j=0
Sjhj‖2K =
n∑
j,l=0
〈Sjhj , Slhl〉 =
‖h0‖2 +
n∑
l=1
〈h0, T lhl〉+
∑
l≥j≥1
〈S∗(l−j)S∗jSjhj , hl〉+
n∑
j=1
〈T jhj , h0〉+
∑
j>l≥1
〈hj , S∗(j−l)S∗lSlhl〉
= ‖h0‖2 + 2Re
n∑
j=1
〈T jhj , h0〉+
∑
l≥j≥1
〈S∗jSjhj , T l−jhl〉+
∑
j>l≥1
〈T j−lhj, S∗lSlhl〉
= ‖h0‖2 + 2Re
n∑
j=1
〈T jhj , h0〉 −
∑
l≥j≥2
(j − 1)〈hj , T l−jhl〉 −
∑
j>l≥2
(l − 1)〈T j−lhj , hl〉
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+
∑
l≥j≥1
j〈S∗Shj, T l−jhl〉+
∑
j>l≥1
l〈T j−lhj , S∗Shl〉.
Assume now that S∗S|H = S′∗S′|H. Then the last expression in the above computation
can be also written in terms of T and S′. So, proceeding in a reverse way, one obtains
‖
n∑
j=0
Sjhj‖K = ‖
n∑
j=0
S′jhj‖K′ .
Then, by a standard argument, it follows that there exists a unitary operator Z from K onto
K′ satisfying the relations ZS = S′Z and Z|H = I. Therefore S and S′ are isomorphic as
2-isometric liftings of T .
Conversely, if there is such an operator Z which preserves the elements ofH and intertwines
S with S′, then S∗S = Z∗S′∗S′Z. We get S∗S|H = Z∗S′∗S′|H = S′∗S′|H, because S′∗S′H ⊂
H and Z|H = I = Z∗|H. Thus the first assertion of Proposition 4.8 is proved. Furthermore,
if Z is as above, then Z(K ⊖H) = K′ ⊖H and Z ′ := Z|K⊖H is unitary. So one obtains
Z ′(S|K⊖H) = (ZS)|K⊖H = (S′Z)|K⊖H = (S′|K′⊖H)Z ′.
Therefore the 2-isometries S|K⊖H and S′|K′⊖H are unitarily equivalent by Z ′. 
From the last assertion of the previous proposition we derive the following
Corollary 4.9. Suppose that two minimal 2-isometric liftings of type II of an operator are
isomorphic. Then one of them is of type I if and only if the other is of type I.
Remark 4.10. Assume that S on K ⊃ H is a 2-isometric lifting of type I for T ∈ B(H).
If S does not satisfy the minimality condition, then the minimal lifting S0 = S|K0 on K0 =∨
n≥0 S
nH is also of type I for T . Indeed, since K0 and K ⊖H are invariant for S, it follows
that S0(K0 ⊖H) = S(K0 ⊖H) ⊂ K0 ⊖H, and so S0|K0⊖H = S|K0⊖H is an isometry.
Moreover, K0 is a reducing subspace for S. Indeed, since S∗SH ⊂ H, we have
S∗K0 ⊂ H ∨ (
∨
n≥2
S∗SnH) ⊂ K0 ∨ (
∨
n≥1
∆SS
nH) ⊂ K0.
The last inclusion holds because K⊖H ⊂ N (∆S), S being of type I and so by (3.1) we have
∆S = 0⊕∆S|H on K = (K ⊖H)⊕H, hence ∆SSnh = ∆ST nh ∈ H for h ∈ H, n ≥ 1.
Thus the minimality condition for 2-isometric liftings of type I can be defined with respect
to reducing subspaces, or equivalently, to subspaces assumed to be only invariant. This fact
is analogous to the notion of minimal Brownian unitary (respectively isometry, in the cyclic
case) extension for a 2-isometry, which appears in [4, Section 10].
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